A novel general purpose Finite Element framework is presented to study small-scale metal plasticity. A distinct feature of the adopted distortion gradient plasticity formulation, with respect to strain gradient plasticity theories, is the constitutive inclusion of the plastic spin, as proposed by Gurtin Preprint submitted to International Journal of Solids and Structures November 16, 2017 are included in the model. In order to study the effect of dissipative higherorder stresses, the mechanical response under non-proportional loading is also investigated.
tion density tensor. The proposed numerical scheme is developed by following and extending the mathematical principles established by Fleck and Willis (2009) . The modeling of thin metallic foils under bending reveals a significant influence of the plastic shear strain and spin due to a mechanism associated with the higher-order boundary conditions allowing dislocations to exit the body when they reach the boundary. This mechanism leads to an unexpected mechanical response in terms of bending moment versus curvature, dependent on the foil length, if either viscoplasticity or isotropic hardening
Introduction
Experiments have shown that metallic materials display strong size effects at both micron and sub-micron scales (Fleck et al., 1994; Nix and Gao, 1998; Stölken and Evans, 1998; Moreau et al., 2005) . Much research has been devoted to modeling the experimentally observed change in the material response with diminishing size (Fleck and Hutchinson, 1997; Qu et al., 2006; Klusemann et al., 2013) in addition to studies of size effects in void growth (Liu et al., 2005; Niordson, 2007) , fiber reinforced materials (Bittencourt et al., 2003; Niordson, 2003; Legarth and Niordson, 2010) , and fracture problems (Martínez-Pañeda and Betegón, 2015; Martínez-Pañeda and Niordson, 2016) . Most attempts to model size effects in metals have been based on higherorder continuum modeling, and different theories, both phenomenological (Fleck and Hutchinson, 2001; Gudmundson, 2004; Gurtin, 2004; Gurtin and Anand, 2005) and mechanism-based (Gao et al., 1999) have been developed. All these theories aim at predicting size effects in polycrystalline metals in an average sense, without explicitly accounting for the crystal lattice, nor for the behavior of internal grain boundaries.
While higher-order energetic and dissipative contributions are a common feature among the majority of the most advanced phenomenological strain gradient plasticity (SGP) theories (see, e.g., Gudmundson, 2004; Gurtin and Anand, 2005, 2009; Fleck and Willis, 2009b) , the need to constitutively account for the plastic spin, as proposed about ten years ago by Gurtin (2004) , to properly describe the plastic flow incompatibility and associated dislocation densities, has been mostly neglected in favor of simpler models. However, the use of phenomenological higher-order formulations that involve the whole plastic distortion (here referred to as Distortion Gradient Plasticity, DGP) has attracted increasing attention in recent years due to its superior modeling capabilities. The studies of Bardella and Giacomini (2008) and Bardella (2009 Bardella ( , 2010 have shown that, even for small strains, the contribution of the plastic spin plays a fundamental role in order to provide a description closer to the mechanical response prediction of strain gradient crystal plasticity. This has been further assessed by Poh and Peerlings (2016) , who, by comparing to a reference crystal plasticity solution given by Gurtin and Needleman (2005) , showed that the plastic rotation must be incorporated to capture the essential features of crystal plasticity. Moreover, Poh and Peerlings (2016) numerically elucidated that the localization phenomenon that takes place in Bittencourt et al. (2003) composite unit cell benchmark problem can only be reproduced by DGP. Gurtin (2004) theory has also been employed by Poh and co-workers (Poh, 2013; Poh and Phan, 2016 ) through a novel homogenization formulation to describe the behavior of each grain in a polycrystal where grain boundaries are modeled to describe effects of dislocation blockage or transmittal.
However, despite the superior modeling capability of DGP with respect to SGP, the literature is scarce on the development of a general purpose finite element (FE) framework for DGP. Particularly, the use of higher-order dissipative terms -associated with strengthening mechanisms -is generally avoided due to the related computational complexities. This is the case of the very recent FE implementation of Poh and Peerlings (2016) and the earlier work by Ostien and Garikipati (2008) , who implemented Gurtin (2004) theory within a Discontinuous Galerkin framework. Energetic and dissipative contributions are both accounted for in the recent ad hoc FE formulation for the torsion problem by Bardella and Panteghini (2015) , also showing that, contrary to higher-order SGP theories, Gurtin (2004) DGP can predict some energetic strengthening even with a quadratic defect energy.
In this work, a general purpose FE framework for DGP is developed on the basis of an extension of the minimum principles proposed by Fleck and Willis (2009b) . The numerical scheme includes both energetic and dissipative higherorder stresses and the effect of the latter under non-proportional loading is investigated. The novel FE framework is particularized to the plane strain case and applied to the bending of thin foils, of particular interest to the study of size effects in metals (see, e.g., Yefimov et al., 2004; Yefimov and Van der Giessen, 2005; Engelen et al., 2006; Idiart et al., 2009; Evans and Hutchinson, 2009; Polizzotto, 2011) since the experiments of Stölken and Evans (1998) (see also Moreau et al., 2005) . Computations reveal a dependence of the results on the foil length if either rate-dependent plasticity or isotropic hardening are included in the model. This is a consequence of the definition of the energetic higher-order contribution as a function of Nye's dislocation density tensor (Nye, 1953; Fleck and Hutchinson, 1997; Arsenlis and Parks, 1999) , that is intrinsic to Gurtin (2004) theory. This unexpected effect, absent in conventional theories and in many GP theories, is accompanied with the development of plastic shear and plastic spin, which turn out to influence the overall mechanical response in bending. Such behavior is triggered by the interaction between the conventional and the higher-order boundary conditions, the latter allowing dislocations to exit the foil at the free boundaries.
The foil length dependence of the mechanical response is emphasized by the presence of the plastic spin in Gurtin (2004) DGP, but it also characterizes the Gurtin and Anand (2005) SGP theory, still involving Nye's tensor restricted to the assumption of irrotational plastic flow (that is, vanishing plastic spin). Hence, one of the results of the present investigation concerns with the usefulness of two-dimensional analyses with appropriate boundary conditions to model micro-bending phenomenologically.
Outline of the paper. The DGP theory of Gurtin (2004) is presented in Section 2, together with the novel minimum principles governing it. The FE formulation and its validation are described in Section 3. Results concerning bending of thin foils are presented and discussed in Section 4. Some concluding remarks are offered in Section 5.
Notation. We use lightface letters for scalars. Bold face is used for first-, second-, and third-order tensors, in most cases respectively represented by small Latin, small Greek, and capital Latin letters. When we make use of indices they refer to a Cartesian coordinate system. The symbol " · " represents the inner product of vectors and tensors (e.g.,
For any tensor, say ρ, the inner product by itself is |ρ| 2 ≡ ρ · ρ. The symbol " × " is adopted for the vector product: t = m × n ≡ e ijk m j n k = t i , with e ijk denoting the alternating symbol (one of the exceptions, as it is a third-order tensor represented by a small Latin letter), and, for ζ a second-order tensor: ζ × n ≡ e jlk ζ il n k .
For the products of tensors of different order the lower-order tensor is on the right and all its indices are saturated, e.g.: for σ a second-order tensor and n a vector, t = σn ≡ σ ij n j = t i ; for T a third-order tensor and n a vector, T n ≡ T ijk n k ; for Ä a fourth-order tensor and ε a second-order
, and (curl γ) ij ≡ e jkl γ il,k designate, respectively, the gradient of the vector field u, the divergence of the second-order tensor σ, and the curl of the second-order tensor γ, whereas (dev ς) ij ≡ (ς ij −δ ij ς kk /3) (with δ ij the Kronecker symbol), (sym ς) ij ≡ (ς ij + ς ji )/2, and (skw ς) ij ≡ (ς ij − ς ji )/2 denote, respectively, the deviatoric, symmetric, and skew-symmetric parts of the second-order tensor ς.
The flow theory of distortion gradient plasticity and the new stationarity principles
The theory presented in this section refers to the mechanical response of a body occupying a space region Ω, whose external surface S, of outward normal n, consists of two couples of complementary parts: the first couple consists of S t , where the conventional tractions t 0 are known, and S u , where the displacement u 0 is known, whereas the second couple consists of S 
This section is devoted to the presentation of compatibility, balance, and constitutive equations. For their derivation and for more insight on their mechanical meaning, the reader is referred to Gurtin (2004) and Bardella (2010) . Furthermore, we will also provide two minimum principles extending those formulated by Fleck and Willis (2009b) for a higher-order SGP, to Gurtin (2004) DGP. On the basis of these minimum principles we will develop the new FE framework in section 3.
Kinematic and static field equations

Compatibility equations
In the small strains and rotations regime, the plastic distortion γ, that is the plastic part of the displacement gradient, is related to the displacement u by
in which (∇u) el is the elastic part of the displacement gradient. The displacement field u is assumed to be sufficiently smooth, such that curl∇u = 0 in Ω, and the plastic deformation is assumed to be isochoric, so that trγ = 0. The total strain, Nye's dislocation density tensor (Nye, 1953; Fleck and Hutchinson, 1997; Arsenlis and Parks, 1999) , the plastic strain, and the plastic spin are, respectively, defined as:
Balance equations
For the whole body free from standard body forces, the conventional balance equation reads
with σ denoting the standard symmetric Cauchy stress.
The higher-order balance equations can be conveniently written into their symmetric and skew-symmetric parts:
in which ρ, ω, and T (ε) are the dissipative stresses constitutively conjugate to the plastic strain rateε p , the plastic spin rateθ p , and the gradient of the plastic strain rate ∇ε p , respectively, whereas ζ is the energetic stress (called defect stress) constitutively conjugate to Nye's tensor α.
Note that ρ and ω can be added to obtain a dissipative stress, ς, conjugate to the plastic distortion rateγ:
Boundary conditions
Kinematic boundary conditions
The conventional kinematic boundary conditions are:
whereas we adopt homogeneous higher-order kinematic (essential) boundary conditions, which are called microhard boundary conditions as they describe dislocations piling up at a boundary. If the complete DGP theory -including the third-order dissipative stress T (ε) -is considered, the microhard boundary conditions read:ε
Otherwise, in the simpler DGP theory neglecting T (ε) , the microhard boundary conditions read:γ
Static boundary conditions
The conventional static boundary conditions are:
whereas we adopt homogeneous higher-order static (natural) boundary conditions, which are called microfree boundary conditions as they describe dislocations free to exit the body:
Stationarity principles
In the literature, one of the most common ways to obtain a weak form of the balance equations, useful for the numerical implementation, is based on the Principle of Virtual Work (see, e.g., Fleck and Hutchinson, 2001; Gudmundson, 2004; Gurtin, 2004) . Here, inspired by the work of Fleck and Willis (2009a,b) , we instead provide two stationarity principles, leading to the foregoing balance equations, which result in minimum principles after appropriate constitutive choices are made. For a given Cauchy stress, the higherorder balance equations (4) and (5) and homogeneous boundary conditions are satisfied by any suitably smooth fieldγ such that the following functional attains stationarity (13) subject to the kinematic relations (2).
For a given plastic strain rate, the conventional balance equation (3) and static boundary condition (10) are satisfied by any kinematically admissible fieldu that minimizes the following functional:
Here Ä is the elastic stiffness, relating the elastic strain to the Cauchy stress,
Constitutive laws for the energetic terms (recoverable stresses)
In order to account for the influence of geometrically necessary dislocations (GNDs, see, e.g., Ashby, 1970; Fleck et al., 1994; Fleck and Hutchinson, 1997) , the free energy is chosen by Gurtin (2004) to depend on both the elastic strain, ε − ε p , and Nye's tensor α:
in which D(α) is the so-called defect energy, accounting for the plastic distortion incompatibility. The recoverable mechanisms associated with development of GNDs are incorporated in the current higher-order theory by assuming the following quadratic defect energy:
in which µ is the shear modulus and ℓ is an energetic length scale. Hence, the defect stress reads:
It has been recently shown by Bardella and Panteghini (2015) that it may be convenient to express the defect energy in terms of more invariants of α, as originally envisaged by Gurtin (2004) . It may also be relevant to adopt a less-than-quadratic forms of the defect energy (e.g., Ohno and Okomura, 2007; Garroni et al., 2010; Bardella, 2010; Forest and Guéninchault, 2013; Bardella and Panteghini, 2015) , or even non-convex forms (e.g., Lancioni et al., 2015 and references therein). However, the quadratic defect energy is perfectly suitable for the scope of the present investigation, that is implementing Gurtin (2004) DGP theory in a general purpose FE framework and bringing new features of its predictive capabilities to attention by analyzing the bending of thin foils. We leave for further investigations the analysis of other forms of the defect energy.
Constitutive laws for the dissipative terms (unrecoverable stresses)
The unrecoverable stresses are prescribed on the form:
where the following phenomenological effective plastic flow ratė
is work conjugate to the effective flow resistance:
such that the 2nd law of thermodynamics is satisfied:
In the constitutive laws above L is a dissipative material length parameter and χ is the material parameter governing the dissipation due to the plastic
The form of the function Σ(Ė p , E p ), whose dependence on E p may describe higher-order isotropic hardening, has to be appropriately chosen to complete the set of constitutive prescriptions for the unrecoverable stresses.
With these constitutive equations plastic dissipation may be derived from the dissipation potential
which is assumed to be convex inĖ p . This is important for the development of a numerical solution procedure, as it makes the stationarity principle based on functional (13) a minimum principle, whose functional reads:
Note that in functional (23)Ė p is a function ofγ through equation (19) and the kinematic relations (2).
Minimum principles (14) and (23) extend the analogous principles of Fleck and Willis (2009b) to the DGP theory of Gurtin (2004) .
In this work we choose the following viscoplastic potential
with m denoting the rate sensitivity exponent, σ Y (E p ) the current flow stress
given by the hardening rule, andε 0 the reference strain rate.
Finite element formulation
The present FE framework is based on the minimum principles (14) and (23). General finite element implementations of viscoplastic dissipative strain gradient plasticity based on the principle of virtual work (e.g., Fredriksson and Gudmundson, 2005; Borg et al., 2006; Niordson and Legarth, 2010) solve for the time derivative of the plastic rate field. The main advantage of employing the minimum principle adopted in the present paper is that the plastic distortion rate field is directly obtained from (23) in the context of dissipative gradient effects. This makes the present numerical scheme more robust as it allows for larger time increments and it enables convergence
for lower values of the rate sensitivity exponent. Largely, time-independent behavior may be obtained for sufficiently small rate sensitivity exponents, circumventing complications in the corresponding time-independent model associated with identifying active plastic zones (by, for instance, using image analysis, as proposed by Nielsen and Niordson, 2014) . Stationarity of (23) together with the constitutive equations (18) results in the following equation
Given the recoverable stresses, fulfillment of the above weak form (26) of the higher-order equilibrium equations (4) and (5) directly delivers the plastic distortion rate field,γ. Adopting Voigt notation, the following FE interpolation is used:u Let us note that the continuity requirements for the shape functions related to the unconventional FE degrees of freedom are dictated by the structure of the kinematic higher-order boundary conditions, specified in section 2.2.1. Hence, it is important to point out that we always consider a non-zero dissipative length scale L, whereas we set it to a very small positive number when we want to suppress the effect of the higher-order dissipation. Therefore, we refer to the higher-order boundary conditions (8), which imply that each plastic strain component must be continuous in the whole domain. This would not be necessarily the case in the theory not accounting for dissipative higher-order stresses (L = 0 in definition (19)), in which the shape functions for the unconventional FE degrees of freedom should be established on the basis of the structure of the boundary conditions (9). For what concerns the plastic spin, in the plane strain framework considered in this work there is one single component, so that conditions (8) still imply that this component must be continuous in the whole domain. Overall, the foregoing discussion implies that the four plastic distortion components, adopted as unconventional nodal degrees of freedom as specified in equation (28), should be approximated by continuous shape functions.
For general three-dimensional boundary value problems, a totally similar FE framework, in which the eight plastic distortion components are employed as unconventional nodal degrees of freedom and are interpolated by continuous shape functions, can be used by slightly modifying the DGP theory. One should extend the effective plastic flow rate definition (19) by including the gradient of the plastic spin rate, weighed by a new dissipative length scale, say L ϑ . Of course, with such an extension the DGP theory would be enriched by a further dissipative third-order stress, having nine components, whose divergence would enter the higher-order balance equation (5). In this case, the microhard boundary conditions would readγ = 0 on S dis u . It is uncertain whether the predictive capability of the DGP modelling would largely benefit from such an extension (as inferred by the preliminary analysis in the appendix of Bardella, 2010) , but it would be worth investigating, as it leads to a similarly convenient FE implementation as that studied in the present paper.
2
Let us finally recall that the static higher-order boundary conditions, specified by equations (11) and (12), are microfree, so that there is no higher-order tractions vector to impose on the boundary S dis t , where leaving unconstrained an unconventional (plastic) degree of freedom is related to the freedom left to dislocations to exit the body. Dually, setting to zero a plastic degree of freedom on the boundary S dis u may trigger plastic distortion gradients, contributing to the size effect through the stiffening of a boundary layer region.
Upon finite element discretization, the weak form (26) of the equilibrium equations (4) and (5) results in a system which is of homogeneous degree zero in terms of the unknown plastic distortion rate field. Imposing the variational form (26) to hold for any kinematically admissible variation ofγ leads to the following system of equations, here written in the iterative form (with l denoting the iteration number) actually implemented:
Here the operators sym
, and curl M (n) contain the shape functions which deliver the discretizations ofε
andα, respectively, from the nodal values of the plastic distortionγ
(see Appendix A). Following Niordson and Hutchinson (2011) , the system of equations (29) is solved iteratively forγ (m) on the basis of the known energetic stresses (σ, ζ) for the current state, written in terms of the total displacement u and plastic distortion γ fields at the beginning of the time increment. At a general time increment, the plastic distortion rate field from the previous increment is used as a starting guess. Convergence of the iteration is defined when the relative norm of the change in the plastic distortion rate field is below an appropriate threshold value. Finally, the plastic distortion rateγ is determined from the discretization (28).
Subsequently, for a known plastic distortion rate field, the incremental solution for the displacement is determined by finding the minimum of functional (14). The stationarity ensuing from this second minimum principle corresponds to the conventional virtual work statement and, therefore, its implementation into a FE code is standard. Thus, for the sake of brevity, further details are here omitted. In the present incremental procedure we use a Forward Euler time integration scheme, whereas the above described iterative algorithm is implemented so as to ensure convergence in the computation of the plastic distortion rate field. A time increment sensitivity analysis has been conducted in all computations to ensure that the numerical solution does not drift away from the equilibrium configuration.
Validation of the FE implementation
In order to validate the present numerical model, the simple shear of a constrained strip is analyzed so as to compare the results with those obtained by Bardella (2010) we consider a long strip of height H free from body forces, with isotropic behavior and sheared between two bodies in which dislocations cannot penetrate. Hence, the displacement is fully constrained in the lower strip surface, u 1 (x 2 = 0) = u 2 (x 2 = 0) = 0, while the upper strip surface is subjected to uniform horizontal displacement u 1 (x 2 = H) = ΓH with u 2 (x 2 = H) = 0.
Here, Γ is referred to as the applied strain, whose rate, in the following, is assumed to be equal to the adopted reference strain rate (Γ =ε 0 ). Since dislocations pile-up when they reach the strip lower and upper surfaces, the plastic distortion must be zero at x 2 = 0 and x 2 = H. The problem is essentially one-dimensional, so that the strip, unbounded along both the shearing direction x 1 and the x 3 direction, is modeled using a single column of 80 plane strain quadrilateral elements along the strip height (H) with appropriate boundary conditions at the sides of the column (u 2 = γ 11 = γ 22 = 0 ∀x 2 ).
In order to compare our results with those of Bardella (2010) , the follow-ing hardening law is used:
We consider the following material properties: µ = 26.3 GPa, ε 0 = 0.02, σ 0 = 200 MPa, and N = 0.2.
Within the rate-dependent framework adopted, a reference strain rate oḟ ε 0 = 0.02 s −1 is assumed and the effect of the viscoplastic exponent m is studied in order to approach rate-independent behavior (see equation (25)). As it can be seen in Fig. 1 , the FE framework reproduces the results of Bardella (2010) with a very good qualitative and quantitative agreement 3 .
Modeling the bending of thin foils
A foil of thickness H and length W subjected to bending is analyzed.
As depicted in Fig. 2 , illustrating the conventional boundary conditions, we impose the longitudinal displacement component at the foil ends:
whereas the complementary boundary part is traction-free. In equation (31) the conventional boundary conditions (31) and allow dislocations to exit the foil when they reach its free boundaries, which corresponds to the microfree boundary condition assumed in this work.
As detailed in section 4.1, the structure of the microfree boundary con-ditions is the responsible for the need to solve a two-dimensional boundary value problem in order to obtain the solution of the micro-bending problem described by the here concerned Nye's tensor-based phenomenological GP. In particular, we will show that the boundary conditions here adopted lead to a peculiar mechanical response whose validation would require specific experiments. Moreover, our results imply that modeling actual bending experiments available in literature (Stölken and Evans, 1998; Moreau et al., 2005 ) may require two-dimensional analysis and particular attention to the boundary conditions to be imposed, the latter being not necessarily those used in this study.
By exploiting symmetry and skew-symmetry conditions of the bending problem, we may impose that: 
Micro-bending within Nye's tensor-based phenomenological gradient plasticity
In plane strain problems the sole non-vanishing Nye's tensor components are
At the foil ends the homogeneous microfree boundary conditions (11) and
Combination of (35) and (37) leads tȯ
At the foil top and bottom surfaces the microfree boundary conditions (11) and (12) provide similar relations, among which the most relevant reads:
Inspection of the foregoing equations, with particular reference to (37), allows us to deduct that, in the plastic regime, at the foil end regions a nonvanishing γ 12 must develop. Furthermore, when ε p 11,2 becomes sufficiently large, an increase of γ 12,1 is expected in order to minimize the defect energy in the end regions (see Nye's tensor component α 13 in equation (33) With the aim of gaining insight into the role of both ε p 12 and ϑ p 12 in the bending problem, we have carried out several analyses with the present FE framework. Unless otherwise specified, the ratio W/H = 30 is adopted.
For each case presented different mesh densities were used to ensure achieved convergence. Typically, 20 quadrilateral elements were employed along the thickness and uniform meshes were used, with element aspect ratio equal to 1. Both full-and reduced-integration plane strain elements (having, respectively, nine and four Gauss integration points) were tested and no shear locking effects were observed. For the sake of clarity we will focus our attention to perfectly plastic behavior, that is N = 0 in equation (30). Henceforth, we adopt the following material properties: µ = 26.3 GPa, Poisson's ratio ν = 0.3, initial yield stress σ 0 = 200 MPa, and reference strain rateε 0 = 0.02 s −1 . Other material parameters will be specified case by case.
Unless otherwise stated, the dissipative and energetic length scales are such that H/L = 2.5 and H/ℓ = 5
The specimen is loaded at a rate of curvatureκ = √ 3ε 0 /H, such that, in conventional bending, the most stretched material points would be loaded at a conventional effective plastic strain rate equal toε 0 when elastic strain increments vanish. The results reveal a strong influence of γ 12 (Fig. 3(a.1)-(a.4) ), which increases towards the foil end. Unexpected within a classical framework, As it can be seen in Fig. 4 , in all cases γ 12 , ε p 12 , and ϑ p 12 are monotonic functions of x 1 , reaching the maximum at the foil end. Again, we observe that the contribution of ϑ p 12 to γ 12 becomes dominant as χ decreases towards zero. Regarding ε p 12 (x 1 ) one must note that there is a notable decrease in its slope for x 1 → W/2. This is a consequence of the homogeneous microfree boundary conditions, requiring ε 12,1 = 0 at x 1 = W/2 (see eq. (38)). The peculiar development of γ 12 at the foil end is due to the need of accommodating ε p 11,2 , as expressed by eq. (37). In this region, when κ is large enough ε p 11 strongly varies with x 1 , as shown in Fig. 5 . Here, contrary to conventional plasticity, The behavior so far described leads to a bending response dependent on the foil length W , for a given H. This can be seen clearly in Fig. 6 , where the bending moment M is plotted versus the applied curvature for W/H = 30, W/H = 60, and W/H = 120. We consider two values of m to investigate the response by gradually approaching rate-independence. Here and henceforth, More insight can be gained by inspection of the first scalar equation included in the tensorial higher-order balance equation (4), whose leading terms are:
where σ 33 basically depends on σ 11 through the hindered contraction along the x 3 direction, and we have neglected the terms (ε (33)- (39) reveals that a constant Nye's tensor field hinders a one-dimensional structure of the solution. Let us emphasize that, under the boundary conditions here concerned, this behavior is not observed in GP theories whose primal higher-order kinematic variables just consist of the plain gradient of γ (or ε p ) and its rate. In fact, in such GP theories the bending solution is in terms of the direct plastic strain components only, which turn out to be independent of x 1 . This behavior is particularly favorable in the rate-independent case without isotropic hardening (N = 0) and implies no further appreciable increase of longitudinal elastic strain, in turn leading to vanishing increments of M.
Under these circumstances, since the foil end regions where γ 12 significantly develops is proportional to the foil height H, not to the foil length W , longer foils are subject to larger plastic flow at the foil end, for a given applied curvature κ. In fact, as evident from equation (31), for a given κ the applied displacement u 1 is proportional to W , whereas, in the picture above, u 1 is then distributed in the field ε p 11 solely over the foil end region. Instead, if either rate-dependence or isotropic hardening are accounted for, Σ in the first term of relation (40) increases with plasticity, so that, if the behavior above described is still energetically convenient, such that the fourth term remains of (40) small, there is the need of an increase of the Cauchy stress to satisfy the higher-order balance equation. This makes M larger and leads to the observed behavior that shorter foils have softer mechanical response in the viscoplastic (or isotropic hardening) case. In fact, because of the above described way to develop plasticity, shorter the foil, at a given κ, lowerĖ p due to a further increase in κ. Hence, for a shorter foil there is less hardening in the M vs κ response. Consequently, γ 12 in the foil end region increases with W for a given κ and the plastic spin may play a major role in slender foils (e.g., W/H = 120 as in the experimental work of Stölken and Evans, 1998) . Let us finally remark that this behavior is the result of the unique solution of the analyzed micro-bending problem, so that it is unrelated to any localization phenomenon. Also, we remain agnostic on whether this behavior describes what really occurs at microfree boundaries subject to a direct plastic strain component, normal to the boundary, having a non-vanishing gradient along a tangential direction. Hopefully, in the future, new experiments will shed light on this. It is observed that increasing χ promotes hardening in later deformation stages. More specifically, inspection of the higher-order balance equations (4) and (5) shows that augmenting χ, while penalizing the plastic spin, leads to a larger defect stress, which plays the role of a backstress in equations (4) and (5) interpreted as a flow rule (Gurtin, 2004) . Hence, the increase in hardening with χ shown in Fig. 9 actually consists of an increase in the kinematic hardening related to GNDs.
The role of the dissipative and energetic length scales in the M vs κ response has also been studied, as shown in Fig. 10 . 
Mechanical response under non-proportional loading
Non-incremental dissipative higher-order terms (as referred to with the terminology used by Fleck et al., 2014) were introduced by Gurtin (2004) (see also Gudmundson, 2004; Gurtin and Anand, 2005) in such a way as to ensure that stresses associated with unrecoverable plastic flow always result in positive plastic work, as stated by equation (21) in the DGP here concerned.
However, it has been very recently noticed (Fleck et al., 2014 (Fleck et al., , 2015 that this may lead to a delay in plastic flow under certain non-proportional loading conditions, such a delay being referenced to as elastic gap by Fleck et al. (2014) .
The boundary value problem under study is characterized by imposing microhard boundary conditions at the foil top and bottom surfaces after a significant amount of plasticity has developed in bending under microfree boundary conditions. Such a switch of higher-order boundary conditions models the formation of passivation layers. A perfectly plastic foil of ratio W/H = 30 is examined and the following material properties are adopted: Qualitatively, the two options examined (L → 0 or L > 0) seem to lead to totally similar M vs κ responses. However, the two mechanical behaviors are very different, as observable in Fig. 11b , showing the incremental plastic distortion along the thickness of the mid-section (x 1 = 0) immediately after passivation. Here, the incremental plastic distortion is represented in terms of its modulus ∆γ = ∆t|γ|, with ∆t the time increment, and it is normalized by ∆κ = ∆tκ.
Results reveal that setting L > 0 leads to a purely elastic incremental response after formation of the passivation layer. This elastic gap after switching higher-order boundary conditions has been also numerically observed by Bardella and Panteghini (2015) in the torsion problem governed by DGP. As shown in Fig. 11b , the elastic gap may be avoided by suppressing the unrecoverable higher-order term (i.e., by setting L → 0). Our results provide further numerical evidence of the analytical findings of Fleck et al. (2014) . This may favor the "incremental" modeling approach suggested by Hutchinson (2012) , where incremental relations between all the stress and strain variables are employed. Nevertheless, one should note that for L → 0 the present formulation still has finite unrecoverable stresses constitutively conjugate to the plastic distortion rate, but not its gradient, which is the key issue pointed out by Fleck et al. (2014 Fleck et al. ( , 2015 .
Concluding remarks
In small-scale plasticity, the superior modeling capabilities associated with the constitutive inclusion of the plastic spin has recently encouraged significant interest in Distortion Gradient Plasticity (DGP). In this work, we present a novel general purpose Finite Element (FE) framework for gradient theories involving the plastic spin, that is the skew-symmetric part of the plastic distortion. The proposed FE framework rests on two extremum principles and allows for an accurate modeling of both viscoplastic and rateindependent material responses. Such extremum principles extend to DGP those established by Fleck and Willis (2009b) for Strain Gradient Plasticity (SGP).
More specifically, we have focused on Gurtin (2004) DGP, which is characterized by the choice of Nye's dislocation density tensor as primal higherorder kinematic variable, leading to a higher-order energetic stress, called defect stress, increasing with the plastic distortion incompatibility and governed by an energetic material length scale.
We have employed the novel FE framework for Gurtin (2004) For a given foil thickness, this feature turns out in a mechanical response exhibiting dependence on the foil length, with shorter foils being softer, if either rate-dependence or isotropic hardening are included in the modeling.
This behavior is also due to the imposed foil ends rotations, that are governed by the application of an average foil curvature.
The peculiar mechanism observed not only reveals a major role of the plastic spin but also indicates that analogous issues may be inherent to strain gradient crystal plasticity theories involving Nye's dislocation density tensor as primal higher-order kinematic variable. In this context, counterintuitive coupling effects among slip systems have already been observed by Bardella et al. (2013) .
The micro-bending benchmark has also been employed to investigate the existence of "elastic gaps" under non-proportional loading, as recently defined by Fleck et al. (2014) . The proposed FE framework can predict that, in the present "non-incremental" DGP theory, a purely elastic incremental response follows passivation in the plastic regime. Critical experiments are needed to gain insight into the existence, or lack thereof, of the interruptions in plastic flow due to specific non-proportional loading conditions. Nevertheless, our FE analysis confirms that by assuming a vanishing value for the dissipative length scale governing the dissipative higher-order stress, the present DGP formulation is free from such "elastic gaps". 
